The motion of a quantum vortex in superfluid helium is considered in the localized induction approximation. In this approximation the instantaneous velocity of quantum vortex is proportional to the local curvature and is parallel to the vector, which is a linear combination of the local binormal and the principal normal to the vortex line. The motion in the direction of the principal normal is specific for a quantum vortex and implies that the vortex shrinks, in contrast to the classical vortex in an ideal fluid. In the present work we deal with two four-parameter classes of shape-preserving solutions ͑one with increasing and one with decreasing spatial scale͒ resulting from equations governing the curvature and the torsion. The solutions describe vortex lines whose motion is equivalent to a transformation being a superposition of a homothety and a rotation. In a particular case when the transformation is a pure homothety, we find analytic solutions for the curvature and the torsion. In the general case, when the transformation is a superposition of a nontrivial rotation and a homothety, the asymptotics of the solutions of the first class are given explicitly and are related to the parameters characterizing the transformation. It is found that the solutions of the second class ͑with decreasing scale͒ either have asymptotes or are periodic ͑when the transformation is a pure homothety͒ or else exhibit chaotic behavior.
I. INTRODUCTION
There is a variety of dynamic phenomena exhibited by superfluid 4 He involving the appearance and motion of quantized vortices; see Nemirowskii and Fiszdon for a comprehensive review. 1 The circulation of the superfluid velocity about these lines remains constant, ϭh/m He ϭ9.97 * 10 Ϫ4 cm 2 /s, where h is Planck's constant, and m He is the mass of helium atom. The curve traced out by a vortex filament may be specified in the parametric form s(,t), with t and denoting time and arc length, respectively. The instantaneous velocity of a given point of the filament ṡ(,t) reads ṡϭV i ϩV s ϩ␣ sЈÃ͑V n ϪV s ϪV i ͒ ϩ␣ЈsЈÃ"sЈÃ͑V n ϪV s ϪV i ͒…, ͑1͒
where the overdot and the prime denote instantaneous derivatives with respect to the time t and the arc length , respectively, V n and V s are the average, externally imposed, superfluid and normal fluid velocity fields, ␣ and ␣Ј are temperature-dependent friction coefficients ͑in the literature, ␣ is usually denoted by ␣͒, while V i is the self-induced vortex velocity. The last is given by the Biot-Savart integral, V i "s͑,t ͒…ϭ 4 ͵ "s͑,t ͒Ϫs͑ ,t ͒…ÃsЈ͑ ,t͒ ͉s͑,t ͒Ϫs͑ ,t ͉͒
The integral is taken over all vortex lines, excluding the neighborhood of point s͑, t͒ ͑of radius equal to the effective vortex core radius a 0 Ϸ1.3ϫ10 Ϫ8 Å). The approach to vortex dynamics via Biot-Savart law usually leads to time consuming numerical simulations, but may offer a deeper insight into the coupled dynamics of the two Helium components. 2 The modern computers allow such simulations of even relatively complex and dense configurations of quantum vortices. [3] [4] [5] Here we follow the approach of Schwarz, 6 who showed that in some cases the Biot-Savart integral can be approximated in terms of the so called localized induction approximation ͑LIA͒, which retains only the effects of the local vortex curvature,
with ␤ ͑usually denoted by ␤͒,
where d is a constant of order one, and ͉͗sЉ͉͘ is the characteristic average curvature of the vortex. Although ␤ has the logarithmic dependence on ͉͗sЉ͉͘, it is usually treated as a constant. The main advantage of LIA is that it describes the vortex motion in a much simpler way than Biot-Savart law, thus enabling numerical simulations 7, 8 and modeling 9 of the dynamics of very complicated systems of quantum vortices, like quantum tangle, which may have kilometers of quantum vortices in one cube centimeter. The approximation seems justified when the local curvature is large enough, so the term ␤ sЈÃsЉ is greater than the velocity induced by other vortices, or original vortex segments. Nevertheless, it is actually very difficult to judge, whether a particular vortex configuration can be computed using the localized induction ap-proximation rather, then the full Biot-Savart law, without carrying out both calculations and comparing the results. 3, 10 Kivodites et al. 3 have performed numerical simulations of evolution of a quantum tangle driven by a turbulent flow of the normal component, using first the full Biot-Savart law, then the LIA. The authors found that in the same simulation time the total line-length grows to the value almost 50% larger in the case of Biot-Savart law, than in the case of LIA, but the fractal dimension of the tangle was found to be independed to the applied method.
The present work is based on LIA. In this approximation, and in the absence of both normal and superfluid velocity fields, V n ϭV s ϭ0, Eq. ͑1͒ simplifies to ṡϭ␤ "͑1Ϫ␣Ј͒sЈÃsЉϩ␣ sЉ)
ϭ␤sЈÃsЉϩ␣sЉϭc͑␤bϩ␣n͒, ͑5͒
where ␣ϭ␤ ␣ , ␤ϭ␤ (1Ϫ␣Ј), c is the local vortex curvature, while t, n, and bϭtÃn are the right-handed system of mutually perpendicular unit vectors parallel to the tangent, principal normal, and binormal, respectively. The coefficient ␣Ј for temperatures smaller than 2.1 K is much smaller than unity and usually is neglected, or as in our case (V ns ϭ0) it may be absorbed into the modified ␤. The friction coefficient ␣ , grows from the value of 0.01 up to 1, as temperature grows from 1.07 K up to 2.15 K, which implies that ␤/␣ Ϸ␤ /␣ may vary in large range from 1 to 100. Since ␤ is proportional to the elementary circulation , and ␣Ј is small, the case ␤/␣ϭ0 is not physical, nevertheless, it will be also be considered a simple instructive example.
The difference between the motion of a quantum vortex and the classical one ͑in an ideal fluid͒ is in the last term of Eq. ͑5͒. For ␣ϭ0, ͑5͒ can be transformed to a nonlinear Schrödinger equation ͑NLSE͒ for ⌿ϭc exp(i͐ 0 d), where is the torsion. This was exploited by Hasimoto, who showed that there are soliton-like solutions describing a loop or a hump propagating along the vortex line. 11 The equivalence to NLSE ͑for ␣ϭ0͒ implies also that the vortex motion is conservative, and there exists a countable family of conserved integral quantities, like the total length lϭ͐d, the total torsion ͐d, the total curvature squared ͐c 2 d, etc. 12 Nakayama et al. 13 and Onuki 14 analyzed the following equation:
ṡϭUnϩVbϩWt, ͑6͒
where U,V,W are functions of curvature, torsion, and their derivatives. These authors restricted their analysis mostly to the case ‫ץ‬W/‫ץ‬sϭcU, which implies that the length of the line is conserved. However, the superfluid vortices, in our approximation ͑5͒, move in the direction perpendicular to the local tangent, which implies that there is no tangent stretching (Wϭ0). As a result, for ␣Ͼ0, the vortex lines shrink, which significantly influences their dynamics. The motion along the normal to the line is also characteristic for thin magnetic tubes, which shrink in order to minimize their magnetic energy.
The vector equation ͑5͒ can be transformed into system of two scalar equations 14, 15 for the filament curvature c(,t) and torsion (,t):
For ␣ϭ0, the above system simplifies to the Da RiosBetchov equations; see Ricca 16 for the review. We assume hereafter that ␣Ͼ0. As already said, for ␣Ͼ0, the vortex line shrinks, and we have
The instantaneous derivatives ͑denoted by overdots͒ are connected with an observer moving with the vortex; they differ from the partial derivatives ‫)‪t‬ץ/ץ(‬ because the position of the observer, or its label , changes due to the shrinking of the vortex, ṡϭ ‫ץ‬s ‫ץ‬t
Equations ͑12͒, ͑13͒, together with ͑7͒, ͑8͒, yield ‫ץ‬c ‫ץ‬t ϭϪ␤͑2cЈϩcЈ͒ϩ␣͑cЉϪc 2 ϩc
For a given time t, having the curvature c(), the torsion ͑͒, and the vectors s͑0͒, t͑0͒, n͑0͒, one can reconstruct the vortex curve s͑͒ with the help of Frenet-Seret equations for the unit tangent t, the unit normal n, and the unit binormal bϭtÃn:
sЈϭt, tЈϭcn, nЈϭϪctϩb, bЈϭϪn. ͑16͒
The shape and scale of the curve s͑͒ is completely determined by c(), ͑͒, while s͑0͒, t͑0͒, n͑0͒ determine its position and orientation in space. The reconstruction of the curve from the given c() and ͑͒ corresponds to the solution of the Riccati equation, whose coefficients are functions of curvature and torsion, and, in general, it is a highly nontrivial task, which can be done only numerically. The system ͑14͒, ͑15͒ has an interesting class of solutions 17 for which ‫ץ‬c/‫ץ‬tϭ0, ‫ץ/ץ‬tϭ0. For such solutions, we called them quasistatic, the observer moving with the filament may see that both the local curvature and the local torsion change (ċ 0, 0), but still as a curve the vortex remains unchanged in the sense that there exists an isometric transformation T(t) transforming s͑,0͒ onto s(,t) for any tR. All quasistatic solutions correspond to vortices of infinite length, which makes it possible, that the vortex shrinks, but remains unchanged.
In this paper we analyze the shape-preserving solutions to Eq. ͑5͒, in the infinite, three-dimensional domain. Such solutions correspond to the vortex filaments, the motion of which is equivalent to a superposition of homothety and rotation and are very different than the ones discussed in the previous paper. 17 First, we concentrate on the solutions having the characteristic spatial scale increasing with time, then on the solutions with decreasing spatial scale.
In further analysis we will consider all variables as dimensionless.
II. THE SOLUTIONS WITH INCREASING SCALE

A. General considerations
Let us note that the system ͑14͒, ͑15͒ is invariant under the following transformation:
This suggests the introduction of new variables,
which yields ‫ץ‬c/‫ץ‬tϭϪ 1 2t
The above allows to transform the system ͑14͒, ͑15͒ to the following ordinary integrodifferential equations ͑OIDE's͒:
͑24͒
where the prime now denotes a differentiation with respect to l. As already said, any two curves having the same curvature and torsion are isometric. Since the transformation c() →c(/)/, ()→(/)/, changes only the scale of the curve, we may conclude that any solution of the system ͑14͒, ͑15͒ in the form ͑18͒ determines, by means of the FrenetSeret formulas ͑16͒, the vortex line s(,t), the evolution of which for tϾ0 is shape preserving. Hence
where ⍀(t) is rotation in space. The above relation states that s(,t) remains similar to S(/ͱt), i.e., there exists a transformation, being a superposition of homothety and rotation, which transforms S(/ͱt) onto s(,t). Since both the curvature and the torsion of the curve s(,t) are inversely proportional to ͱt, the scale of the curve grows as ͱt. Without loss of generality we assume that the homothety center is placed at the origin of coordinates O, and that the axis of rotation also contains O. Rotation is space ⍀(t) does not influence the scalar equations ͑14͒, ͑15͒ for the curvature and the torsion but transforms the vectors s͑0͒, t͑0͒, n͑0͒. The angular velocity ⍀ (t), related to rotation ⍀(t), is proportional to the local linear velocity at 0 ϭ0, and is inversely proportional to the distance between s( 0 ) and the axis of rotation. Since the linear velocity, proportional to the curvature, decreases as 1/ͱt and spatial scale increases as ͱt we may conclude that the angular velocity of the curve s(,t) must decrease in time as 1/t. Hence, the angle of rotation, (t), with respect to curve position at t 0 , is
Relation ͑25͒ holds for any tϾ0. The interesting question is: what is the initial condition ͑configuration͒ s 0 ()ϭs(,0). From ͑18͒ one can conclude that, in general, s 0 () has infinite curvature and torsion at ϭ0, i.e., it is singular at this point. Moreover, if s 0 () is the initial condition for s(,t), which satisfies ͑25͒, it must satisfy the following relation:
for any Ͼ0. Equality ͑27͒ implies that the initial condition is a scaleless curve that is isometric to itself when magnified by an arbitrary factor. The simplest scaleless curve is a straight line or a union of two half-lines with a common origin. Any of these two curves may be transformed onto itself by a pure homothety. In the first case the homothety center can be placed at any point of the straight line, in the second one it must be placed at the common origin of the two half-lines. According to Eqs. ͑25͒, ͑27͒, the fact that the given initial condition s 0 () is invariant under a pure homothety transformation, implies that the solution s(,t), corresponding to this initial condition, satisfies
͑28͒
This case will be analyzed in more detail in the next section. However, in general, only a superposition of homothety and rotation ͑not pure homothety͒ will transform the scaleless curve s 0 () onto itself. To find the general form of the initial condition, let us consider the superposition of homothety and rotation ⍀͑͒ applied to an arbitrary point p 0 :
If the rotation angle ͑͒, of rotation transformation ⍀͑͒, is proportional to ln , where the scaling parameter ͑0,ϱ͒, then p͑͒ is a logarithmic spiral or a logarithmic helix ͑loga-rithmic spiral lying on a cone͒. Because, for any 0 (0,ϱ), the transformation ⍀( 0 )ͱ 0 transforms p͑͒ onto p͑͒, the logarithmic spiral p͑͒ is a scaleless curve. Since s 0 () may have no end points, it must be a sum of two logarithmic helices with a common origin; in cylindrical coordinates (z,r,⌰), we have
where iϭ1 for Ͻ0 and iϭ2 for Ͼ0. The curve s 0 , given by ͑30͒, wraps over two coaxial cones with the opening angles i . The angles between the local tangent to s 0 and poloidal versor d⌰ are ␥ i . The curve s 0 () is invariant under the transformation, which is the superposition of homothety with scale ͱ, and rotation ⍀ around the z axis by angle , where and satisfy
This implies that i , ␥ i must satisfy the following equality:
which assures that both constituent logarithmic helices are invariant under the same transformation.
The curvature and torsion of s 0 () satisfy c() ϭA i /͉͉, ()ϭB i /, where
Since the curvature and the velocity ṡ(,0) of the initial curve tends to zero as ͉͉ tends to infinity, its deformation ͑occurring in finite time͒ also tends to zero as ͉͉→ϱ, which implies that the asymptotics of a given curve s(,t) is the same as the asymptotics of its initial condition s͑,0͒. Each of the curves described by ͑30͒ is determined by a set of six parameters 1 , 2 , ␥ 1 , ␥ 2 , ⌰ 1 , ⌰ 2 . The parameters must satisfy the constraint ͑32͒, moreover, the curves having the same i , ␥ 1 and ⌰ 1 Ϫ⌰ 2 are isometric. As a result, the initial conditions s 0 () for the system of equations ͑14͒, ͑15͒, which determine the shape-preserving curves, form a fourparameter family. As a consequence, one should expect that the system of equations ͑23͒, ͑24͒ has a four-parameter class of solutions. To see this fact, and to enable us to perform a numerical analysis of the system ͑14͒, ͑15͒, we transform it into the form, in which KЉϭKЉ(K,KЈ,T,TЈ), and TЉ ϭTЉ(K,KЈ,KЉ,T,TЈ). From ͑23͒ we obtain
To get an expression for TЉ one can calculate Kٞ by differentiating ͑23͒ and insert it into ͑24͒. From the resulting equation one can obtain TЉ,
Any solution to the system ͑34͒, ͑35͒ is determined by a set of four initial conditions ͑or more precisely the conditions at the point lϭ0 of the line͒,
. Two characteristic vortex filaments corresponding to the solutions of the system ͑34͒, ͑35͒ are presented in Fig. 1 and Fig. 2 . One can observe that each vortex wraps asymptotically over two coaxial cones, but the relative orientations of these cones is different in each of the two figures.
The system ͑34͒, ͑35͒ is invariant under the following transformation:
The vortex line S(l) corresponding to the solution of the system ͑23͒, ͑24͒ in the interval l(Ϫ100,100), for ␣ϭ␤ϭ1, and with the initial
lϪl, KK, TϪT.
͑36͒
This implies that there exists a class of symmetric solutions, for which K(l)ϭK(Ϫl), T(l)ϭϪT(Ϫl) and K 0 ЈϭT 0 ϭ0.
These solutions describe curves having a plane of symmetry perpendicular to the tangent to the curve at lϭ0.
In the next section we concentrate on the simplest case in which the initial curve consists of two half-lines with the common origin. This initial configuration arises after idealized reconnection of two straight vortices. The vortex motion following such idealized reconnection was analyzed numerically before. 18 Here we present an analytic approach.
B. The case s",t…Äͱt S"l…
As already mentioned, when the initial vortex configuration consists of two half-lines with a common origin, the line motion, for tϾ0, is equivalent to a pure homothety transformation with a center placed at the common point of the initial lines. Hence, the solution s(,t) has the form s͑,t ͒ϭͱtS ͩ ͱt ͪ ϭͱtS͑l ͒.
͑37͒
In this case the system of equations ͑34͒, ͑35͒ can be replaced by a much simpler one. From ͑37͒ we have
Then, from ͑38͒ and ͑5͒ with ͑11͒ we obtain
Differentiating ͑39͒ with respect to l, and using the FrenetSeret formulas ͑16͒ we have
͑41͒
Now, taking a scalar product of the above equation with b and with n, we obtain, respectively, 0ϭ␤KЈϩ␣KT, ͑42͒
As one may expect, the solutions of the above system form a subclass of solutions of system ͑23͒, ͑24͒. To check this fact, let us assume that K(l), T(l) satisfy the system ͑42͒, ͑43͒. Now, let
. Now, Eq. ͑23͒ is equivalent to the following:
͑46͒
and Eq. ͑24͒ to
which implies that the solutions of the system ͑42͒, ͑43͒ also satisfy the system ͑23͒, ͑24͒. Now, we focus on Eqs. ͑42͒, ͑43͒. We have
Note that since the initial configuration has a plane of symmetry, the curve S(l) must also have it, which implies that K(Ϫl)ϭK(l), T(Ϫl)ϭϪT(l) and so T 0 ϭ0, K 0 Јϭ0. The last equality and Eqs. ͑48͒, ͑49͒ imply, respectively,
͑51͒
and hence
The vortex line S(l) corresponding to the solution of the system ͑23͒, ͑24͒ in the interval l(Ϫ200,200), for ␣ϭ␤ϭ1, and with the initial
Thus, the considered class of solutions may be parametrized by a single parameter K 0 , while
Now, let us multiply Eq. ͑49͒ by 2K and introduce new a
The order of ͑53͒ can be reduced as follows: integrating both sides of ͑53͒ we get
where D 1 is the integration constant. Now, dividing both sides of ͑53͒ by yЈ and then integrating, we obtain
where D 2 is another integration constant. Inserting ͐ydl calculated from ͑54͒ into ͑55͒, we obtain
ϩD,
͑56͒
where DϭD 1 ϩD 2 , can be calculated from initial condition 
From ͑56͒ we obtained
͑59͒
Differentiating both sides, we get
͑60͒
Then, replacing y by the old variable yЈϭK 2 , we have
and finally, inserting D from ͑57͒, we arrive at the solution in the implicit form 
where C*(K 0 ) is a constant. Inverting the above relation we get K as l→Ϯϱ:
ͪ .
͑67͒
Then, as a consequence of ͑67͒ and ͑64͒ we obtain the asymptotics of T,
The two filaments corresponding to the solution ͑67͒, ͑68͒, for the same ␤ and two various ␣ are shown in Fig. 3 and Fig. 4 . As one may expect from Eq. ͑67͒, the filament obtained for smaller ␣, presented in Fig. 4 , is more wavy.
III. THE SOLUTIONS WITH DECREASING SCALE
A. General considerations
In this section we concentrate on solutions with a decreasing spatial scale. Let then
This allows for the transformation of the system ͑14͒, ͑15͒ into the following OIDE's:
TϩlTЈ 2
͑71͒
Note that the difference between the above system and the system ͑23͒, ͑24͒ is equivalent to changing the signs of ␣ and ␤. This is not surprising since Eq. ͑5͒ and then the system ͑14͒, ͑15͒ are invariant under the transformation in which ␤Ϫ␤, ␣Ϫ␣, tϪt. Hence, inverting the time arrow is equivalent to changing the signs of ␣ and ␤. The sign of ␤ is determined by the vortex orientation and so inverting it is not very important to vortex dynamics, but inverting the sign of ␣ has dramatic consequences. For negative ␣ the vortex ring will grow, and, in general, any vortex will elongate, which strongly suggests that negative ␣ is unphysical. Note that we still keep ␣Ͼ0 and ␤у0, but the sign of time is inverted in order to study the vortex line configurations with decreasing spatial scale. Also note that any solution of the system ͑70͒, ͑71͒ determines, by means of the Frenet-Seret formulas a vortex line s(,t) that satisfies, for any tϽ0,
where ⍀(Ϫt) denotes rotation. Since the vortex lines corresponding to the solutions of ͑70͒, ͑71͒ maintain their shapes, while their spatial scale decreases to zero, they have to shrink to a point at tϭ0. In general ͑as for solutions with growing spatial scale͒ the line rotates while shrinking. The specific case without rotation, in which s(,t)ϭͱϪtS(l), t(Ϫϱ,0), will be analyzed in the next section.
It is easy to check that the point K S ϭ1/ͱ2␣, T S ϭ0, is the critical ͑fixed͒ point of the system ͑70͒, ͑71͒. It is quite untrivial, however, to decide whether it is the attracting point, and how large is the eventual basin of attraction. The answer to the above question is not obvious because Eqs. ͑70͒, ͑71͒ form the integrodifferential system, which has a five-dimensional phase space, and, in fact, not one, but a continuum, of critical points. As independent variables, one can choose
From definition, Q(0)ϭ0, but Q(l) with l 0 can be arbitrary. Let us transform the system ͑70͒, ͑71͒ into the form in which KЉϭKЉ(K,KЈ,T,TЈ), and TЉϭTЉ(K,KЈ,KЉ,T,TЈ)
͑as in Sec. II A͒. In the new variables, the system became autonomous, and has the form
TЈϭV, ͑77͒
FIG. 4. The vortex line S(l) corresponding to the implicit solution ͑63͒, ͑64͒
in the interval l(Ϫ12,12) for ␣ϭ0.01, ␤ϭ1. The solution is determined by a single initial condition K 0 ϭ1. Note that for smaller ␣ and the same initial condition, the line is much more wavy than in Fig. 3 .
FIG. 3. The vortex line S(l) corresponding to the implicit solution ͑63͒, ͑64͒
in the interval l(Ϫ10,10), for ␣ϭ␤ϭ1. The solution is determined by a single initial condition K 0 ϭ1.
All the points (K S ,T S ,W S ,V S ,Q S ), satisfying
are the critical points. Since they are not isolated points, they cannot be stable; they can be, however, metastable ͑one eigenvalue is zero, the four others have negative real parts͒ or unstable. From linear stability analysis we may conclude ͑see the Appendix͒ that the critical points for which Q S ϽQ* are metastable, while these for which Q S ϾQ* are unstable, where
, for ␣р)␤, and Q*ϭ0, for ␣Ͼ)␤. ͑80͒
In other words, the half-line consisting of critical points for which Q 0 ϽQ* is the stable ͑attracting͒ manifold, while the other half-line for which Q 0 уQ* is unstable. The numerical analysis shows that the trajectories initiating in quite large domain in the space of initial conditions for ␣ϭ1, ␤ϭ0 and initial conditions K 0 ϭ0, T 0 ϭ1, K 0 Јϭ1, T 0 Јϭ1. Since ␤ϭ0 ͓see Eq. ͑81͔͒, the two limiting circles coincide. must be coaxial, and must be placed at such a distance that they shrink to the same point. This implies that the distance D between their centers must be equal to
Since the relative position of the two limiting circles is very sensitive to K(l),T(l), it provides an excellent test for numerical calculations.
B. The case s",t…ÄͱÀtS"l…, t«"Àؕ,0…
In this section we focus on solutions in the form s͑,t ͒ϭͱϪtS͑ l ͒, t͑Ϫϱ,0͒. ͑82͒
Hence, instead of Eqs. ͑48͒, ͑49͒ we have
Solutions to this system can be parametrized by a single parameter K 0 , while K 0 Јϭ0, T 0 ϭ0 and T 0 ЈϭT 0 Ј(K 0 ) can be calculated in a similar way as in Sec. II B,
Now, let us multiply Eq. ͑84͒ by 2K and make use of vari-
Linearizing the above equation we may obtain the frequency f 0 and the period P 0 , of the small oscillations of the variable Q(l), and therefore of the original variable K(l):
After a very similar algebra as in Sec. II B, we obtain
The simplest solution to this equation is K(l)ϭK 0 ; then from ͑83͒, ͑84͒ we have
or in the original variables c, ,
The above solution is defined for tϽ0 and it describes a to the circular vortex ring that shrinks to a point as t→0. For K 0 1/ͱ2␣, the solutions to Eq. ͑88͒ are periodic. The function K oscillates between the points K 0 and K * at which KЈϭ0. It follows from ͑88͒ that K * (K 0 ) satisfies
which implies that
where, as we recall, K S ϭ1/ͱ2␣. The solution K(l), in the implicit form ͑over one period͒, is given by
where
The periodic trajectories corresponding to the implicit solution ͑93͒, ͑83͒, with ␣ϭ0.2, ␤ϭ1 projected onto the T, K plane are presented in Fig. 8 . The oscillation period P grows monotonically with amplitude, and for the presented trajectories Pϭ14.34, 14.71, 15.33, 16.54, 18.15, 19.73, 24.36, while according to Eq. ͑87͒, for ␣ϭ0.2, ␤ϭ1, the period in the limit of zero amplitude oscillations is P 0 Ϸ14.33. The fact that the T(l), K(l) are periodic obviously does not imply that the resulting curve S(l), must be closed; see Figs. 9 and 10. However, by accurate tuning of the initial condition K 0 , one can look for solutions corresponding to closed lines, the curve presented in Fig. 10 almost closes after 19 periods of K, T. The curve presented in Fig. 9 corresponds to the solution with the initial condition K 0 ϭ1, while in Fig. 10 to the solution with K 0 ϭ0.4, which has a much larger amplitude of oscillations.
In the specific case, ␤ϭ0, it follows from Eq. ͑83͒ that Tϭ0, which implies that the resulting curve must be planar. In the general case, ␤ 0, the curves determined by the periodic solutions lie on compact surfaces, having an axis of symmetry. These surfaces may have a number of selfintersections in the shape of coaxial circles. The number of intersections grows with the amplitude of the periodic solution. In Fig. 9 , the surface spanned by the vortex line has one intersection, while in Fig. 10 the spanned surface has five intersections.
The periodic trajectories calculated for another set of parameters, namely ␣ϭ1, ␤ϭ1, are presented in Fig. 11 , while in Fig. 12 the curve corresponding to one of this trajectories is shown. The same values of ␣ and ␤ will be chosen in the next section to analyze the possibly chaotic trajectories of the system ͑70͒, ͑71͒.
Unfortunately all the vortex lines corresponding to periodic solutions ͑93͒, ͑83͒ ͑except the trivial one KϭK S , T ϭ0), have self-crossings, and so may not represent real vortices. The self-crossings appear in periodic solutions because they have the plane of symmetry, perpendicular to the tan-gent at lϭ0. The existence of these unphysical solutions to ͑70͒, ͑71͒, among others, results from the fact that vortex motion is considered in the context of LIA. Under LIA the interaction between points s( 1 ) and s( 2 ), or rather the correlation between their velocities, is neglected if ͉ 1 Ϫ 2 ͉ is large, even if ͉s( 1 )Ϫs( 2 )͉ is arbitrarily small. The periodic solutions form one-dimensional subclass in the fourdimensional space of solutions of the system ͑70͒, ͑71͒, by a small variation in initial conditions ͑such that K 0 Ј 0, or T 0 0) one may obtain an asymmetric, non-periodic solution with no self crossings lying arbitrarily close to the symmetric ones for any finite l. The periodic solutions provide also the useful hint in an analysis of the possibly chaotic solutions.
C. The possibly chaotic trajectories of system "69…, "70…
Analyzing numerically the system of Eqs. ͑70͒, ͑71͒, one can find that there exists a class of solutions that are neither periodic nor tend to the fixed points. These solutions seem to exhibited chaotic behavior. Let us consider a typical solution of this class. We analyze the trajectory K(l), T(l) calculated for ␣ϭ1, ␤ϭ1 ͑the same parameters as used in the previous section, where periodic solutions were analyzed͒ with initial conditions K 0 ϭ0.1ϩK S , T 0 ϭ0.1, K 0 Јϭ0, T 0 Јϭ0 which is close to the critical point (K S ,T S ,W S ,V S ,Q S ϭ0). We integrate Eqs. ͑70͒, ͑71͒ starting from lϭ0 in both direction up to the relatively large lϭϮ10 000. In Fig. 13 the trajectory calculated for positive l ͑traced by 10000 uniformly distrubuted points͒ is shown in the projection onto the K, T plane. The relatively long time of integration makes it possible that numerical errors may influence the presented trajectory. Some other shorter ''runs'' with larger precision suggest the existence of strange attractors in the system, but more numerical work has to be done to verify this conjecture. In Figs. 14 and 15 the spectra of K(l) and T(l) are shown. Note, that the main peak of curvature and torsion spectrum is at the frequency f Ϸ0.12, which is close to the frequency f 0 ϭ0.113 of small-amplitude oscillations of periodic solution ͑93͒, ͑85͒ with the same ␣ and ␤. The torsion spectrum has the second high peak at f ϭ0.09; this peak is also visible, but much smaller, in the curvature spectrum. Since for the high-frequency oscillations of T and K, the amplitude of torsion is much larger than that of curvature ͑the torsion changes rapidly to the large values when curvature approaches zero: see Fig. 13͒ , the torsion spectrum, for a large value of f , is larger than the curvature spectrum. It was pointed out by the referee that the Fourier spectra of curvature and torsion, of the possibly chaotic solutions of ͑70͒, ͑71͒ are quite similar to the curvature and torsion spectra corresponding to the Kelvin waves cascades, induced by the reconnections. 
IV. SUMMARY AND CONCLUSIONS
In the paper we have analyzed two classes of shapepreserving solutions of quantum vortex motion under the localized induction approximation. We have shown that the solutions with an increasing spatial scale start from a singular scaleless configuration, while those with decreasing spatial scale end up shrinking to a point, which is also a singular scaleless configuration. In the second class we found that for some initial conditions the solutions exhibit possibly chaotic behavior. Nevertheless, more work is needed to analyze this class.
Because of the fact that the lines corresponding to the discussed solutions conserve their shapes while continuously expanding or shrinking, the surface that is swept during the evolution of each line from tϭ0 to tϭϱ, or from tϭϪϱ to tϭ0 is also scaleless. In the simplest case when the solution describes a shrinking vortex ring the swept surface is a cone. In general, however, the swept surfaces consist not of straight lines but of logarithmic spirals.
The important question ͑raised by one of the referees͒ is how stable the shape-preserving solutions are if the nonlocal fields resulting from Biot-Savart law are taken into account. Since the filaments presented in Figs. 1 and 2 are wrapped ͑asymptotically͒ over the cones, one may expect that theirs dynamics is influenced by the nonlocal terms, not captured by LIA, which is therefore not a satisfactory approximation. On the other hand, it is possible that the mutual induction, calculated on a given roll, arising from its two neighboring rolls, cancels up to some extent, which prevents the rolls to rotate around each other ͑see Ricca 20 for the analysis of motion of helical vortex filaments under the Biot-Savart law͒. Moreover, the distance between the neighboring rolls tends to infinity, and the mutual induction tends to zero, as ͉͉→ϱ. The even better situation is in the case, presented in Figs. 3 and 4, in which the vortex has two straight asymptotes. Since in this case the nonlocal terms resulting from the BiotSavart law vanish asymptotically as ͉͉→ϱ, and close to the point ϭ0, the curvature is relatively large, one may FIG. 13 . The trajectory, projected onto the T, K plane, of the possibly chaotic solution of the system ͑70͒, ͑71͒ for ␣ϭ1, ␤ϭ1, and with initial conditions K 0 ϭ0.1 ϩ1/ͱ2␣, T 0 ϭ0.1, K 0 Јϭ0, T 0 Јϭ0 in the neighborhood of the stable point K S ϭ1/ͱ2␣, T S ϭ0. The trajectory is traced by 50000 points uniformly placed in the interval 0ϽlϽ10000.
FIG. 14. The Fourier transform of K(l), (0ϽlϽ10000) for the solution presented in Fig. 13 . The main peak is at f Ϸ0.12, while the frequency of the small amplitude oscillations for the solution ͑93͒, ͑85͒, with ␣ϭ1, ␤ϭ1, is f 0 ϭ0.113.
expect that LIA works reasonably well. A very different case is the one of the filaments with the decreasing spatial scale, which are densely packed, and nonlocal terms must dominate in their motion. In this case LIA cannot be a satisfactory approximation.
Another approach to the question is to consider, at first, the vortex dynamics with nonlocal terms included, and ask if there are the shape-preserving solutions. Let
The answer is positive, but V i must be given by the ''modified'' Biot-Savart integral,
in which the neighborhood of the point s",t… of the radius equal to a 0 c 0 /c(,t) ͑where c 0 is some characteristic curvature͒, is excluded from integration, while in the classical Biot-Savart integral, the radius of the excluded neighborhood is a 0 . Since the resulting velocity V i depends only logarithmically on the radius of the excluded neighborhood, this is not substantial modification. Nevertheless, after this modification, the self-induced velocity V i is inversely proportional to the spatial scale of the filament. This implies that Eq. ͑94͒ ͓like Eq. ͑5͔͒ is invariant under the transformation t 2 t, s͑ ͒s͑ ͒, Ͼ0, ͑96͒
and that any solution initiating from a scaleless configuration must be shape-preserving. This fact does not imply itself that the solutions obtained under LIA and under the modified Biot-Savart law must be very similar. Nevertheless, in the case of solutions with growing spatial scale the solutions starting from the same initial condition must have the same asymptotics for ͉͉→ϱ, since the self-induced velocity tends to zero with ͉͉→ϱ, both under the LIA and the Biot-Savart law.
It is worth stressing here that the scaleless configurations play an important role as an initial condition for any other partial differential equations ͑or systems of equations͒ that are invariant under the transformation
where F i denotes fields appearing in the equation. Note that the transformation ͑96͒ also implies that the curvature and torsion fields transform like F i in ͑97͒. As an example we consider the Navier-Stokes equation, 
͑99͒
In the new variables one obtains
Ϫ͓Wϩ͑R"" R ͒W͔ϭ" R Ã͑VÃW͒ϩٌ R 2 W, ͑100͒ Wϭ" R ÃV, " R "Vϭ0.
If the initial condition at tϭ0 is a ␦ vortex having the shape of union of two coaxial logarithmic spirals with common origin ͑or simply a shape of two half-lines with a common origin͒, then the solution X(r,t) is shape-preserving for t Ͼ0, and the vorticity field ͑for tϾ0, the ␦ vortex transforms into the vorticity field͒ is given by one of the solutions of ͑100͒. The initial configuration of vorticity does not need to be one-dimensional; it can be a scaleless vortex sheet, or the 3-D scaleless vector field. In practice, in many cases, it may be still simpler to solve the equation with time, but the fact that the solution is to be shape-preserving and must satisfy ͑100͒, simplifies the control of the numerical procedure.
Equations that are invariant under transformation ͑97͒ are common in hydrodynamics and magnetohydrodynamics. FIG. 15 . The Fourier transform of T(l) (0ϽlϽ10000) for the solution presented in Fig. 13 . There are two main peaks at f Ϸ0.09 and f Ϸ0.12.
As a result, one may expect that the analysis of scaleless curves, surfaces, or vector fields in three dimensions, can be useful in the study of such a class of equations. According to the author's knowledge, there is no classification of many dimensional scaleless objects, and little is known about their role in the analysis of shape-preserving solutions.
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APPENDIX: ANALYSIS OF THE CRITICAL POINTS OF THE SYSTEM "74…-"78…
Let KϭK S ϩK and QϭQ 0 ϩQ . Linearizing the system ͑74͒-͑78͒ with respect to W,K ,V,T, and Q , we obtain
